Ellipse-based DC-biased optical orthogonal frequency division multiplexing (E-DCO-OFDM) is proposed for visible light communications (VLC), which achieves a significant peak-to-average power ratio (PAPR) reduction, thus enhancing the overall performance when light-emitting diode (LED) nonlinearity is considered. In E-DCO-OFDM, the real-valued output of OFDM is modulated onto an ellipse, whereby only the imaginary part of the complex point on the ellipse is transmitted. Although the PAPR of E-DCO-OFDM decreases as the ratio of major radius to minor radius becomes larger, it may be more vulnerable to the effect of noise, leading to the performance loss. Therefore, the relationship between the system performance and the critical parameters in E-DCO-OFDM, such as the ratio between the major and minor radius of the ellipse, is investigated. Meanwhile, simulations demonstrate that E-DCO-OFDM adopting the optimal parameters achieves a considerable signal-to-noise ratio (SNR) gain over the conventional DCO-OFDM.
Introduction
Visible light communication (VLC) is emerging as a solution to deal with the scarcity of radio spectrum for wireless communication systems, which draws great interests due to its security, safety for human health, and complementarity to radio frequency (RF) systems [1] . In VLC, white light-emitting diodes (LEDs) are employed to perform both data transmission and illumination at the same time [2] . In order to avoid inter-symbol interference (ISI) as well as to increase the data rate, orthogonal frequency division multiplexing (OFDM) is introduced [3] [4] [5] . Since intensity modulation with direct detection (IM/DD) is often applied in VLC systems, only unipolar real-valued signals can be transmitted by LEDs. There exist several approaches to deal with this issue, including DC-biased optical OFDM (DCO-OFDM) [6] , asymmetric clipped optical OFDM (ACO-OFDM) [7] , and pulse-amplitude-modulated discrete multitone (PAM-DMT) [8] , where Hermitian symmetry is imposed on the subcarriers in frequency domain in order to generate real-valued signals after inverse fast Fourier transform (IFFT) [9] . In DCO-OFDM, a moderate DC-bias is added to make the signal non-negative [10] . For ACO-OFDM and PAM-DMT, no DC-bias is needed, since only half of the subcarriers are used in ACO-OFDM, and PAM-DMT merely modulates the imaginary part of each subcarrier, both generating unipolar outputs after clipping [9] . DCO-OFDM suffers from high peak-to-average power ratio (PAPR) problem, causing severe distortion due to the nonlinear transfer characteristics of LEDs. To reduce the PAPR, various schemes have been proposed. In [11] , tone injection (TI) is performed using semidefinite relaxation techniques, achieving a significant PAPR reduction with high complexity. While in [12] , exponential nonlinear companding is proposed to reduce the PAPR considerably with the sacrifice of the performance. Besides that, a pilot-assisted method is employed in [13] . It outperforms the conventional selective mapping (SLM) scheme, but suffers from performance loss and low data rate due to the requirement of side information. Active constellation extension (ACE) is also applied to DCO-OFDM in [14] , which is an efficient technique with high computational complexity.
Constant-envelop OFDM (CE-OFDM) [15] can achieve 0 dB PAPR of OFDM with relatively satisfactory bit error rate (BER) performance, whereby the outputs of IFFT are modulated onto the phase to generate complex signals with constant envelop, and the complex signals are transmitted. Since only unipolar real-valued signals can be transmitted by LEDs, CE-OFDM cannot be directly applied to VLC systems. To adopt the concept of constant envelop in DCO-OFDM, an ellipse-based DCO-OFDM (E-DCO-OFDM) is proposed in this paper, whereby real-valued signals, multiplied by a scaling factor, are modulated onto an ellipse, and only the imaginary value from the corresponding point on the ellipse is transmitted by LED emitters. In E-DCO-OFDM, the lengths of major and minor radius are critical parameters which influence the overall system performance. Therefore, the optimal ratio between the major and minor radius of the ellipse are obtained by theoretical analysis, and simulations are performed to validate the optimization results. When considering the nonlinear transfer characteristics of LEDs, E-DCO-OFDM could improve the overall performance significantly compared with DCO-OFDM.
The rest of this paper is organized as follows. Section 2 describes the system model of the proposed E-DCO-OFDM. Section 3 shows the theoretical analysis of the overall performance of E-DCO-OFDM. In Section 4, the performances of E-DCO-OFDM and DCO-OFDM are compared via simulations, which validates our analytical results. Finally, our conclusions are drawn in Section 5.
System model of the proposed E-DCO-OFDM
The system model of E-DCO-OFDM is presented in Fig. 1 . Firstly, binary bits are modulated using quadrature amplitude modulation (QAM), and the frequency domain signals
are constrained by Hermitian symmetry, which can be described as 
The time domain sequence x is then modulated onto an ellipse, which is presented in Fig. 2 . The phase information
In (2), β is a scaling factor defined as
, where s x is the standard deviation of x n DCO [ ], and γ is a real number larger than 2 so that the complex signals on the ellipse can be uniquely determined by their imaginary parts. x n y n ,
is the coordinate of the corresponding point on an ellipse generated by n θ [ ], which follows:
where a and b denote the major and minor radius if foci of the ellipse are on the real axis. Thus x n y n ,
In E-DCO-OFDM, only the imaginary part y n n N 0 1
{ [ ]} = − needs to be transmitted. After the ellipse transform, the cyclic prefix (CP) is inserted to eliminate the effect of ISI. The resulted signals are then fed into a digital-to-analog converter (D/A) to generate the analog signals. Finally, DC-bias is added using a Bias-T module to make the signal unipolar before sending it to the LED for transmission.
While at the receiver, the inverse operations are performed, including passing through an analog-to-digital converter (A/D), removing DC-bias and CP, the inverse ellipse transform, a N-point FFT and QAM demapping. The inverse transform taken by the received signals r n
where r n y [ ] equals the signal of y n [ ] plus the noise and distortions. After that, the estimation of
Performance optimization
Assuming that a b / is fixed, then a is proportional to the y n [ ] for n N 1, 2, , = … . Since the transmitting energy is normalized, a has no effect on the PAPR and BER of E-DCO-OFDM. Besides that, the value of b is not relevant to the performance of E-DCO-OFDM. Therefore, it is concluded that the performance of E-DCO-OFDM is determined by the ratio of a b / instead of the absolute values of a and b when the ellipse transform is considered. To optimize the Fig. 1 . E-DCO-OFDM system model. performance of E-DCO-OFDM, the PAPR as well as BER should be formulated as the function of a b / . To demonstrate the relationship between the PAPR and a b / , the probability distribution function (PDF) of n θ [ ] for n= N 0, 1, 2, , 1 … − can be modeled as a zero-mean Gaussian distribution when N is large enough [10] . Therefore, the PDF of n θ [ ] can be written as 
, it is obvious that S k ′( ) is non-negative, indicating that the denominator in (10) increases as the ratio of a b / becomes larger, which could decrease the PAPR and make the system insensitive to the nonlinear distortions of LEDs. However, when the ratio of a b / increases, E-DCO-OFDM may be more vulnerable to the effect of noise. Thus, it is important to optimize the ratio of a b / in order to improve the BER performance when the nonlinearity of LEDs is considered. Since M-QAM is employed in E-DCO-OFDM, we have [16] 
where n AWGN is the additive white Gaussian noise (AWGN), and h (·) denotes the response of the optical channel. Finally, the inverse ellipse transform can be written as
where DC r denotes the DC component of the received signals.
Since E-DCO-OFDM is a nonlinear system, whereby the non-
is performed on the realvalued sequence x, which is Gaussian distributed with zero mean, according to Bussgang theorem and Rowe's work in [18] , the output of the nonlinear transform x n 
is the PDF of x n DCO [ ]. In addition, the variance of n n d [ ] can be derived as [18] E n n E n n
At the receiver, according to the central limit theorem, the distortion component is transformed into additive Gaussian noise after a N-point FFT operation [18] . Therefore, after the nonlinear transform T (·), the useful signal energy is reduced by a scaling factor of α Since better BER performance can be achieved when SNR r increases according to (12) , the relationship between SNR r and a b / needs to be investigated. To optimize the performance of E-DCO-OFDM, numerical approaches are employed to maximize SNR r , whereby b 2 simplified LED nonlinear model in [11] is applied, whereby the linear region is 0, 0.5 [ ] , the transmitting energy of LEDs is 13.5 dBm, and AWGN channel is assumed [10] .
With different values of noise energy, SNR r with respect to various ratios of a b / are drawn according to (13) - (20) to obtain the optimal value, as shown in Fig. 3 . For four different scenarios where the noise energy, denoted by s n 2 , equals À5 dBm, À 7 dBm, À10 dBm, and À 12 dBm, the optimal values of a b / are different, which are approximately 2, 2.2, 2.6 and 2.75, respectively. Besides that, it can be observed from Fig. 3 that the optimal value of a b / increases as the noise energy gets smaller, because the noise component may become less dominant than the clipping noise caused by LED nonlinear characteristics, which implies that achieving lower PAPR by enlarging a b / can make the system more robust to nonlinear distortions of LEDs, therefore enhancing the system performance.
Simulation results

The complementary cumulative distribution functions (CCDFs) of PAPR in E-DCO-OFDM with different values of a b
/ are compared with DCO-OFDM in Fig. 4, whereby 16 -QAM is applied. The size of IFFT N is set to 512, and the number of modulated subcarriers is 200. For DCO-OFDM, the PAPR equals 13.5 dB as the CCDF approaches 10 À 3 . While for E-DCO-OFDM with a 10 2 = and b 2 2 = , the PAPR is about 6 dB less than DCO-OFDM, which makes the system less sensitive to the nonlinear distortions of LEDs. Moreover, when comparing the CCDFs of E-DCO-OFDM with different values of a b / , it is indicated that the PAPR of E-DCO-OFDM gets / are in aligned with the theoretical results given in Fig. 3 , our proposed optimization analysis is validated by simulations.
The BER performance of E-DCO-OFDM adopting the optimal ratios of a b / in Fig. 5 is compared with DCO-OFDM and ACO-OFDM in Fig. 6 , whereby the transmitting energy equals 13.5 dBm. In simulations, the same spectral efficiency is assumed, and the transmission bandwidth is set as 100 MHz. 16-QAM is used in E-DCO-OFDM and DCO-OFDM. Since the spectral efficiency of ACO-OFDM is about half of E-DCO-OFDM and DCO-OFDM when the same QAM order is employed, 256-QAM can be applied to reach the spectral efficiency approximately equal to E-DCO-OFDM and DCO-OFDM. For ACO-OFDM, there is a severe error floor when BER approaches 10
, for the reason that the ACO-OFDM with 256-QAM is more sensitive to the clipping noise by LEDs compared with smaller QAM orders, leading to performance degradation. Besides that, at the BER of 10 À 3 , E-DCO-OFDM with a b / 2, 2.2, 2.6, 2.75 = achieves significant performance gain of about 4 dB, 4.8 dB, 5 dB, and 4 dB over conventional DCO-OFDM, respectively. When SNR increases, the performance gains become larger, and larger a b / is needed, which is in aligned with results of Fig. 3 . Besides that, when SNR is relatively low, the E-DCO-OFDM achieves no performance gain compared with DCO-OFDM, while for high SNR, E-DCO-OFDM in four different cases outperforms DCO-OFDM. The reason is that, when SNR is low, the AWGN instead of nonlinear distortion is the dominant element to effect the system performance. When SNR increases and the AWGN is low, which is also the working point for practical systems, the nonlinear distortion is dominant and the proposed scheme achieves better performance since it has lower PAPR. sizes, the BER performance of E-DCO-OFDM is approximately the same, which indicates that the subcarrier number does not influence the BER of E-DCO-OFDM.
Conclusions
E-DCO-OFDM is proposed for visible light communications, whereby a real-valued signal is modulated onto an ellipse, and only the imaginary value from the corresponding point on the ellipse is transmitted. The PAPR of the transmitted signals reduces significantly compared with DCO-OFDM, which improves the BER performance considerably when the nonlinear transfer characteristics of LEDs is considered. Besides that, the performance optimization for E-DCO-OFDM is investigated, whereby the expressions of PAPR and BER are formulated to obtain the optimal ratio between major radius and minor radius of the ellipse. Simulations are carried out to validate the analytical results. It is indicated that E-DCO-OFDM with the optimal ratio between major radius and minor radius could achieve a considerable performance gain over DCO-OFDM. 
